The analytic proof of mode stability of the Kerr black hole was provided by Whiting. In his proof, the construction of a conserved quantity for unstable mode was crucial. We extend the method of the analysis for the Kerr-de Sitter geometry. The perturbation equations of massless fields in the Kerr-de Sitter geometry can be transformed into Heun's equations which have four regular singularities. In this paper we investigate differential and integral transformations of solutions of the equations. Using those we construct a conserved quantity for unstable modes in the Kerr-de Sitter geometry, and discuss its property.
Introduction
One of the most non-trivial aspects of perturbation equations for the Kerr-de Sitter geometry is the separability of the radial and angular parts. Carter first showed that the perturbation equation for a scalar field is separable in the Kerr-Newman-de Sitter geometry [1] . This observation was extended for spin 1/2, electromagnetic fields, gravitational perturbations and gravitinos for the Kerr geometries and even for the Kerr-de Sitter class of geometries. These perturbation equations are called Teukolsky equations [2] . Except for electromagnetic and gravitational perturbations, the separability persist even for the Kerr-Newman-de Sitter solutions.
An important application of the separability is the proof of the stability of the black hole. The proof of mode stability of the Kerr black hole was provided by Whiting [3] in 1989. The proof is more complicated than one for the Schwarzschild black hole, because in the Kerr geometry there is no Killing vector which is timelike everywhere in the region exterior of the outer horizon. In his proof, he skillfully used differential and integral transformations of solutions of perturbation equations, and obtained a conserved quantity which is well-defined for unstable modes which are purely incoming on the outer horizon and purely outgoing at the infinity, and are characterized by positive imaginary part of their frequencies. Then he showed that the positivity of the quantity bounds the magnitudes of the time derivative of perturbations.
On the other hand, it was shown that the perturbation equations in the Kerr geometry are obtained from those in the Kerr-de Sitter geometry in the confluent limit. In other words, a irregular singularity at infinity of the equation in the Kerr case is separated into two regular singularities of the equation in the Kerr-de Sitter geometry by cosmological constant. In a series of paper [4, 5, 6 ], Suzuki, Takasugi and the author have constructed analytic solutions of the perturbation equations of massless fields in the Kerr-de Sitter geometries. We found transformations such that both the angular and the radial equations are reduced to Heun's equation [4] . The solution of Heun's equation (Heun's function) is expressed in the form of a series of hypergeometric functions, and its coefficients are determined by three-term recurrence relations [7] . The solution of the radial equation which is valid in the entire physical region is obtained by matching two solutions which have different convergence regions in the region where both solutions are convergent. We examined properties of the solution in detail and, in particular, analytically showed [5] that our solution satisfies the Teukolsky-Starobinsky identities [8] . There are similarities between the procedures for solving the perturbation equations in the Kerr and Kerr-de Sitter geometries. Thus differential and integral transformations of Heun's function may be useful for studying mode stability of the Kerr-de Sitter geometry.
In this paper, we investigate differential and integral transformations of solutions of massless perturbation equations in the Kerr-de Sitter geometry. These transformations map a solution of a Heun's equation to a solution of another Heun's equation which has different parameters from original ones. Differential transformations include the TeukolskyStarobinsky identities as special cases, and also other transformations for angular functions. We will consider two specific integral transformations because we do not know systematic way to study integral transformations of Heun's function. Then we will apply the integral transformation to a solution of the radial equation. It will turn out to be possible to make the transformations of radial functions only for unstable modes which are purely incoming on the outer horizon and purely outgoing on the de Sitter horizon, and have positive imaginary part of their frequencies. A conserved energy integral will be constructed from the transforms of the angular and radial functions for unstable modes, and we discuss properties of the quantity. In the Kerr limit, these transformations and the conserved quantity are coincide with those given in Ref. [3] by Whiting in order to prove mode stability of the Kerr black hole.
2 The Teukolsky equations for the Kerr-de Sitter geometry
We consider perturbation equations for massless fields in the Kerr-de Sitter geometries. In the Boyer-Lindquist coordinates, the Kerr-de Sitter metric has the form,
where α = Λa 2 /3, ρ 2 =ρρ * ,ρ = r + ia cos θ and
Here Λ is the cosmological constant, M is the mass of the black hole, and aM is its angular momentum. We assume that the coordinate dependences of the perturbation of the field have form Φ s = e −i(ωt−mϕ) R s (r)S s (θ). Then angular Teukolsky equation for massless field with spin weight s is given by
where x = cos θ and ξ = aω. The separation constant λ s is an even function of s as shown in Ref. [4] . This equation has five regular singularities at ±1, ± i √ α and ∞. We define the variable z by
. The singularity at z = z ∞ which corresponds to x = ∞ can be factored out by the transformation
where
Equation (2.6) is called the Heun's equation which has four regular singularities. Next we consider the radial Teukolsky equation which is given by
with K = ω(r 2 + a 2 ) − am. This equation has five regular singularities at r ± , r ′ ± , and ∞ which are assigned such that
. And the coefficients of the equation are complex for spin fields (s = 0). We assume that the cosmological constant is sufficiently small so that all r ± , r ′ ± are real. By using the new variable
Eq.(2.9) becomes an equation which has regular singularities at 0, 1, z r , z ∞ and ∞,
To proceed further, we define the parameters
Here a's are purely imaginary numbers defined by
and the relation a 1 + a 2 + a 3 + a 4 = 0 is satisfied. Again we can factor out the singularity at z = z ∞ by the transformation as
The parameters γ, δ, ǫ and σ ± satisfy the following relation,
which is required for Eq.(2.14) to be a Heun's equation. The remaining parameter v is given by
Here D is the discriminant of ∆ r = 0,
It should be noted that the equation (2.9) for s = 0 is the perturbation equation for a conformal scalar field which satisfies 2φ = 1 6 Rφ. In the case of an ordinary scalar field which satisfies 2φ = 0, the term − 2α a 2 r 2 in Eq.(2.9) is absent.
Differential transformations
We consider a differential transformation of a Heun's function f (z) which satisfies
Differentiating this equation N times, we obtain
with N = 1−α or 1−β formally satisfies another Heun's equation in which the parameters
, andα,β which are determined by relationsα +β = α + β + 3N andαβ = 3N 2 + (2α + 2β − 1)N + αβ. Here we choose N = 1 − α. Properly N should be an positive integer. In both angular and radial cases, we can take parameters so that N = |2s|. These transformations are the Teukolsky-Starobinsky relations [8] . In Ref. [5] it was shown that the radial Teukolsky-Starobinsky relations are satisfied by using an analytic solution expressed by the form of a series of hypergeometric functions.
In the angular case, N = |s − m| and N = |s + m| are also possible. We now explain the case with δ 1 = δ 2 = −δ 3 in the definitions of C i (i = 1, 2, 3), explicitly. Then
We next defineS s (z) fromf S (z) through the inverse procedures to those used to derive f S (z) from S s (z). By settingγ = 2C 1 + 1,δ = 2C 2 + 1 andǫ = 2C 3 + 1, we obtaiñ
Using theseC i as the exponents at the singularities,S s (z) is given bỹ
This new angular functionS s satisfies a similar equation to the angular Teukolsky equation
where we used (2.4). We note that the operator acting onS s in the above equation is invariant under s −→ −s because λ s is an even function of s.
Integral transformations
We construct integral transformations of Heun's function f (z) which satisfies Eq.(3.1). The integral transformation which maps a solution of a Heun's equation to a solution of another Heun's equation is given bỹ
The functionf (z) is a solution of M z (γ,δ,ǫ;α,β;q)f (z) = 0 if the kernel satisfy the condition M z (γ,δ,ǫ;α,β;q) − M t (γ, δ, ǫ; α, β; q) K(z, t) = 0, (4.2) and the surface term of the integral
vanishes at the ends of C. In this paper we consider the kernels which depend on z and t only by the form of their product zt ≡ ζ thus K(z, t) = K(ζ). Then Eq.(4.2) can be rewritten as
In particular, we require the kernel to satisfy the following equations,
There are four sets of solutions of these equations. Using invariance of the equations under α ←→ β andα ←→β, we can take the solutions without loss of generality as
Next we define another type of integral transformation,
where it should be noted that the integral region depends on z. In order forf(z) to satisfy Heun's equation, the following condition must hold instead of the conditions (4.3);
We can show by using the kernel in Eq.(4.6) thatf (z) is a solution of the Heun's equation with the parameters in Eq.(4.7), provided that this condition is satisfied.
Conserved energy integral for unstable modes
In this section we are going to construct a conserved quantity for unstable modes in the Kerr-de Sitter geometry by using the differential and integral transformations of Heun's function given in section 3 and 4. We will assume that the cosmological constant is sufficiently small so that r ′ − ≪ r − < r + ≪ r ′ + . First, it can be easily checked that the differential transformations of the angular function for the Kerr-de Sitter black hole which we provided in section 3 coincide with those given by Whiting in the Kerr limit Λ −→ 0 (α −→ 0). Indeed since the Teukolsky equations for the Kerr black hole have the forms of confluent Heun's equation [4] , this differential transformation in the Kerr limit becomes one for the confluent Heun's function.
Next we consider the integral transformations of the radial function f R (z) which satisfies Eq.(2.14). We choose D 1 = −a 1 −s, D 2 = −a 2 −s and D 3 = −a 3 −s as the parameters included in the radial equation (2.14). Then we have
The unstable modes are purely incoming on the outer horizon z = 1 and purely outgoing on the de Sitter horizon z = z r ,
or equivalently
where we used the parameters determined above. Furthermore the unstable modes are characterized by having positive imaginary part of frequency ω. In our discussions below, we choose the integral region as C = (1, z r ) in the integral transformation of type A. We first examine the Kerr limit. In the Kerr limit, we find
where r
Then both integral regions of the transformations of type A and B become (1, ∞) and the kernel (4.6) becomes of the Laplace type,
Thus both integral transformations coincide with those used in the proof of mode stability of the Kerr black hole in this limit. We next consider the boundary term W (z, t) zr
1
. In type A case, W (z, t) behaves as
The t) does not vanish at t = z r . Therefore this transformation is not appropriate. Although there is also a possibility that our choice of the integral region C is wrong, we do not adopt the transformation of type A in our discussions below. In type B case, W (z, t) behaves as
Since the real part of a 4 is negative for unstable modes, it is clear that the condition (4.9) holds for unstable modes from the form of the kernel K(z, t) = (zt − z r ) −2a 4 +s−1 . Hence it is possible to make the integral transformation of type B for radial functions of unstable modes.
The radial functionf R (z) given by the integral transformation of type B of f R (z), 8) satisfies the Heun's equation with parameters (4.7),
We define a new radial functionR s (z) fromf R bỹ
This function satisfies the following equation
where 
Here we used Eq.(2.10) for rewriting the equation in terms of r. All the coefficients of this equation are real for any spin weight s in contrast with the radial Teukolsky equation (2.9). We note thatR s (r) behaves near r ∼ r + and r
We construct the functionΦ s fromS s (θ) andR s (r) as
then this function satisfies
All the coefficient in this equation are real and invariant under s −→ −s.
Finally we obtain a conserved energy integral from this equation in the following form:
where r integration is performed over (r + , r ′ + ). From Eq.(5.13), it can be understood that this integration is finite for unstable modes, provided that the cosmological constant is sufficiently small.
Summary and discussions
Solutions of the perturbation equations of massless fields in the Kerr-de Sitter geometries can be obtained by using Heun's functions. In this paper, we constructed the differential and integral transformations of Heun's function. The differential transformations of the angular and radial functions include the Teukolsky-Starobinsky identities as special cases. Although we don't know generic way to study integral transformation of Heun's function, we provided two types of integral transformations. In the Kerr limit, these differential and integral transformations coincide with those considered in the case of perturbations for the Kerr geometries [3] . From the equation satisfied by the transform of the perturbation, we have succeeded in obtaining a conserved energy integral for unstable modes.
In the proof of mode stability of the Kerr black hole, it is crucial that the conserved quantity which is obtained by similar procedures to those used in this paper is positive definite. From the positivity, it is concluded that the value of the conserved quantity bounds the integral of ∂Φs ∂t 2 and thus unstable modes cannot exist. However the conserved quantity obtained for the Kerr-de Sitter black hole is not positive definite for the sufficiently small ( but non-vanishing ) cosmological constant because the coefficient of ∂Φs ∂ϕ 2 in the quantity, which vanishes in the Kerr limit Λ −→ 0 and the Schwarzschild-de Sitter limit a −→ 0, can become negative in the situation considered here. Therefore we cannot rule out possibility that there are unstable modes. We also point out that although ∂ ∂t is globally null in the metric derived from the equation in the Kerr geometry [3] which can be obtained from Eq.(5.15) in α −→ 0 limit, it does not hold in the metric derived from Eq.(5.15) with non-vanishing cosmological constant. However we think that the procedures performed here are natural extensions of those used in the Kerr case. It may be possible to improve the analysis which we provided here. To the end, we think that the systematic study of integral transformations of Heun's function will be required.
The analyses given in our previous papers [4, 5, 6] and here are applicable to the case of the Kerr-anti-de Sitter geometry similarly. We hope that those analyses may give deeper insight for the correspondence between quantum gravity in anti-de Sitter space and conformal field theory defined on the boundary [9] .
